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Heavy quarkonium (ϒ) production at low transverse momentum (P⊥) in high-energy hadronic col-
lisions is revisited from the point of view of transverse momentum dependent (TMD) framework.
We perform resummation of double logarithmic correction associated with initial-state soft gluon
shower for bb¯ production by employing Collins-Soper-Sterman (CSS) formalism. We show that
the CSS formalism provides a nice description of ϒ production data in p+p¯ collisions at Tevatron
and p+p collisions at the LHC.
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1. Introduction
Transverse momentum (P⊥) distribution of heavy quarkonium (J/ψ , ϒ) production in high-
energy hadronic (p+p, p+p¯) collisions provides important playgrounds for studying perturbative
QCD as well as nonperturbative hadronization dynamics at long distance. Quarkonium production
at high P⊥  2m ∼ MH with heavy quark mass m and quarkonium mass MH can be evaluated
in terms of QCD collinear factorization approach with perturbatively calculable hard coefficient
functions along with universal fragmentation functions [1, 2]. When P⊥ ∼ 2m, but,  mv with
heavy quark velocity v in the pair’s rest frame, non-relativistic QCD (NRQCD) factorization [3]
could be a good approach to analyze heavy quarkonium production data [4].
On the other hand, neither collinear nor NRQCD factorization is expected to be valid in deal-
ing with heavy quarkonium production at low P⊥MH , since the measured P⊥ could be sensitive
to the nonperturbative intrinsic transverse momentum dependence of colliding partons, the nonper-
turbative scale Qs characterizing the multiple scattering with the incoming hadrons, and amount of
transverse momentum of active partons generated by radiation (or shower) of gluons from the colli-
sions. Transverse momentum dependent (TMD) framework [5] has been a robust tool for studying
observables with two scales, such as P⊥MH . In TMD framework, it is the factorized TMD par-
ton distributions (TMDs) that take care of the various contributions to the active partons’ transverse
momentum. If the effective value of the active partons’ transverse momentum is dominated by per-
turbatively calculable contribution from the shower of soft gluons, and is much larger than the
non-perturbative intrinsic parton transverse momentum as well as the scale generated by the multi-
ple soft scattering, the TMD framework should have a good predictive power for the perturbatively
calculated P⊥ distribution of heavy quarkonium production.
With the large heavy quark mass, especially for the bottom quark, we expect that the soft gluon
radiation from the produced heavy quarks is much smaller than the radiation from the colliding
light-partons, which could be strongly enhanced when
√
s MH . Since the heavy quark pair
production is dominated by the gluon-gluon fusion and gluons are much more likely to radiate than
quarks, we conjecture that the P⊥ distribution of ϒ production in high-energy hadronic collisions
is dominated by the leading double logarithmic contributions ∝ αs ln2(M2H/P2⊥) from the initial-
state radiation, which can be summed to all-order in αs using the Collins-Soper-Sterman (CSS)
resummation formalism [6]. Early predictions of hadronic ϒ production at Tevatron in the TMD
framework were given in Ref. [7, 8] (See also [9]), and were found to be consistent with data. Now
the LHC experiments are running and providing rich data on quarkonium production. It is clearly
meaningful and important to compare the theoretical calculations with the LHC data on the P⊥
distribution of ϒ production. This paper is aimed at presenting such comparisons.
2. Transverse Momentum Dependent Framework
In this paper, we shall employ the following expression for differential cross section of inclu-
sive ϒ production in high-energy hadronic collisions (A+B→ bb¯+X → ϒ+X):
dσA+B→ϒ+X
d2P⊥dy
=
∫ (2MB)2
M2ϒ
dM2Fbb¯→ϒ(M
2)
dσA+B→bb¯+X
dM2d2P⊥dy
, (2.1)
1
Quarkonium production in hadronic collisions in TMD framework Kazuhiro Watanabe
where M is invariant mass of a bb¯ pair, Mϒ is the mass of ϒ, and 2MB with MB = 5.279 GeV is the
BB¯ decay threshold for the ϒ system. Fbb¯→ϒ is a transition probability to transform the bb¯ pair to
a ϒ with a power-law distribution, and was fixed by the Tevatron data [7]. The differential cross
section for bb¯ production in Eq. (2.1) can be calculated within the framework of QCD collinear
factorization, to obtain reliable predictions for the cross sections at high P⊥. A singular spike in
the vicinity of P⊥ = 0⊥ indicates the failure of the fixed-order perturbative calculations for the low
P⊥ regime. However, once we sum over large double logarithms αs ln2(M2/P2⊥) associated with
initial-state gluon shower from incoming partons, the differential cross section for inclusive bb¯
production remains finite at P⊥ = 0⊥, and can be written as
dσA+B→bb¯+X
dM2d2P⊥dy
=
dσA+B→bb¯+X
dM2d2P⊥dy
∣∣∣∣
resum
+
dσA+B→bb¯+X
dM2d2P⊥dy
∣∣∣∣
Y
. (2.2)
The first term in the right hand side of the above expression is the resummation term, and the second
term is the so-called Y -term which is defined by dσA+B→bb¯+XdM2d2P⊥dy
∣∣
Y =
dσA+B→bb¯+X
dM2d2P⊥dy
∣∣
pert−
dσA+B→bb¯+X
dM2d2P⊥dy
∣∣
asym.
The singularity arose in the perturbation term at P⊥ = 0⊥ and the other singularity in the resum-
mation term around P⊥ = Mψ are canceled out by the asymptotic term. The perturbative and the
asymptotic term could be obtained by fixed-order calculations in powers of αs, and are available at
next-to-leading order (NLO) at O(α3s ).
Following Collins-Soper-Sterman (CSS) resummation formalism in the impact parameter b⊥
space [6], the resummation term can be written as
dσA+B→bb¯+X
dM2dP2⊥dy
=
∫ db⊥
2pi
J0(P⊥b⊥)
(
∑
q=u,d,s,c
b⊥Wqq¯
dσˆqq¯→bb¯
dM2
+b⊥Wgg
dσˆgg→bb¯
dM2
)
, (2.3)
where J0 is a Bessel function, and dσˆi j→bb¯/dM2 are partonic cross sections for producing the bb¯
pair with the leading-order (LO) contribution atO(α2s ) and high order corrections depending on the
choice of factorization scheme. The effective partonic flux in b⊥-space, Wqq¯ and Wgg for qq¯ and gg
channels, respectively, can be calculated perturbatively only at small b⊥ below bmax ∼ 0.5 GeV−1,
W perpi j (b⊥,M,xA,xB) = e
−Si j(b⊥,M) fi/A
(
xA,µ,
c0
b⊥
)
f j/B
(
xB,µ,
c0
b⊥
)
, (2.4)
where xA,B =M/
√
se±y are the longitudinal momentum fractions of incoming hadrons carried by
colliding partons, c0 = 2e−γE ∼ 1 with Euler constant γE , and Si j (Sudakov factor), which sums up
the leading soft and collinear contributions from the initial-state gluon shower, is given by
Si j(b⊥,M) =
∫ M2
c20/b
2
⊥
dµ¯2
µ¯2
[
Ai j(αs) ln
M2
µ¯2
+Bi j(αs)
]
(2.5)
with perturbatively calculable coefficients Ai j = ∑n=1A
(n)
i j (αs/pi)
n and Bi j = ∑n=1B
(n)
i j (αs/pi)
n.
The modified parton distribution functions (PDFs) in Eq. (2.4) are defined as
fi/A
(
xA,µ,
c0
b⊥
)
=∑
a
∫ 1
xA
dξ
ξ
φa/A(ξ ,µ)Ca→i
(
xA
ξ
,µ,
c0
b⊥
)
(2.6)
where φa/A(ξ ,µ) are the usual collinear PDFs with momentum fraction ξ and factorization scale
µ . The coefficient Ca→i = ∑n=0C
(n)
a→i(αs/pi)
n is also calculable perturbatively. Depending on the
2
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factorization scheme, the coefficients A, B, and C could be process dependent, or made to be pro-
cess independent by including the process-dependent contributions to the short-distance hard parts,
dσˆi j→bb¯/dM2. In this work, we will keep only the process-independent terms for the coefficients
of A, B, and C in the power series in αs. Now it is worth emphasizing that for the qq¯ channel the
coefficients are the same as those of Drell-Yan production while the coefficients for the gg channel
are the same as those for Higgs boson production.
To derive the P⊥ distribution in Eq. (2.3), an extrapolation of the b⊥-space distributions to the
region where b⊥ > bmax is required with the use of appropriate nonperturbative form factor as
Wi j(b⊥,M,xA,xB) =W
perp
i j (bmax,M,xA,xB)F
NP
i j (b⊥,M,xA,xB;bmax). (2.7)
In our calculations, we set FNPi j = exp
[
− ln
(
M2b2max
c20
)
g1(b2α⊥ −b2αmax)
]
where two parameters g1 and
α are determined uniquely by requiring thatWi j are continuous at b⊥ = bmax [10], and see Ref. [11]
for other choices of FNPi j . We will see later that the nonperturbative form factor does not affect the
bb¯ production cross section because the perturbative distributionW perpi j dominates in the b⊥-space.
3. Numerical results
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Figure 1: The b⊥ distribution of effective partonic flux at y = 0, Wgg (Left) and Wqq¯ (Right), obtained by
integrating over the range 2mb <M < 2MB at several collider energies.
We present in Figure 1 the b⊥-distribution of Wgg and Wqq¯ in Eq. (2.3) at various collider
energies at the mid rapidity. We set mb = 4.5 GeV and utilize CTEQ6M set for the collinear
PDFs [12]. We choose µ = c0/b⊥ in the resummation term. For the gg channel, one can find
immediately that the peak position or the so-called saddle point [10] of b⊥Wgg shifts toward small-
b⊥ region as scattering energy
√
s increases (more phase space for the gluon shower). At Tevatron
and the LHC, the b⊥-distribution of Wgg is sharp and largely located at b⊥ less than bmax. That
is, we have a good predictive power for the bb¯ production cross section calculated perturbatively
without worrying about the uncertainty of the nonperturbative form factor at large b⊥. On the other
hand, the saddle point of b⊥Wgg is located around b⊥ ∼ bmax at RHIC energy (
√
s = 0.2 TeV).
Therefore the nonperturbative form factor could play an essential role for calculating the bb¯ cross
3
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Figure 2: Differential cross section for ϒ(1S) production in hadronic collisions at Tevatron and the LHC in
the middle rapidity region. All the input parameters are chosen to be the same as in Ref. [7]. Data are taken
from [13, 14].
section at RHIC energy. For the qq¯ channel, the b⊥-distribution of Wqq¯ is more broad so that the
nonperturbative form factor is more relevant. Nevertheless, in our calculations, we do not need to
worry too much about it because the size of contribution from the gg channel is more than an order
of magnitude larger than that from the qq¯ channel.
Figure 2 displays differential cross sections for ϒ(1S) production in hadronic collisions at
Tevatron and the LHC by computing Eq. (2.3) with Eq. (2.1). We set µ = 0.5
√
M2 +P2⊥ for the
perturbation term. At Tevatron, we reproduce the early prediction in Ref. [7] by setting Fbb¯→ϒ =
Cϒ = 0.044 that was obtained by data fitting in Ref. [7], which is effectively a Color-Evaporation-
Model calculation [4]. To compare with data, we simply switch the resummation term to the NLO
perturbative term at the intersection of two curves around P⊥ ∼Mϒ/2, instead of using the Y -term.
We have also multiplied the resummation term by a factor Kr = 1.22 to match the perturbation result
at the intersection. At the LHC, there is more phase space for gluons shower, and we expect our
predictions with the same parameters set to be consistent with the data, which is confirmed nicely
by the data up to around P⊥ = 10 GeV. It is worth noting that the matching point shifts toward
larger P⊥ at the LHC compared to that at Tevatron. This is because an increase in the scattering
energy allows more phase space for incoming partons to radiate.
4. Summary
We have performed numerical calculations for ϒ production in high-energy hadronic colli-
sions in terms of the Collins-Soper-Sterman resummation formalism in the TMD framework. The
behavior of Wgg and Wqq¯ in the b⊥-space at Tevatron and the LHC clearly shows that our perturba-
tively calculated results are reliable without much ambiguities associated with the nonperturbative
Sudakov factor at large b⊥. Our results can naturally describe both the Tevatron data and the LHC
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data for P⊥ spectrum of hadronic ϒ(1S) production at low P⊥ by keeping all the parameters the
same. Fixing the parameters g1 and α by the continuity of the b⊥-space distribution takes care of
the potential
√
s-dependence of the nonperturbative form factor FNPi j dynamically.
It should be an interesting project to address ϒ production in proton-nucleus (p+A) collisions
especially at forward rapidity where the multiple scattering effect with a larger Qs for a heavy
nucleus could be as important as the initial-state gluon shower, as pointed out in Ref. [15]. The
Sudakov effect from gluon shower on top of the multiple scattering effect for ϒ production in
p+p and p+A collisions was examined in small-x color-glass-condensate framework [16]. It was
found [16] that the Sudakov effect is predominant over the multiple scattering effect, which is
encoded in the saturation scale, in p+p collisions, while these two effects could be comparable in
p+A collisions. We leave the extension of our work to p+A collisions for a future study.
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